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[Physical Chemistry: Basic]

Answer the following problems (1) and (2). You may use the speed of light ¢, the Planck constant h, and
the reduced Planck constant A(= h/27). i denotes the imaginary unit.

(1) Consider the orbital motion of a particle with mass m around O y
as illustrated in Fig. 1. The orbital radius and azimuthal angle
with respect to the x axis are given by r and 8, respectively.

The Hamiltonian and the Schrédinger ecjuation in steady state are

given, respectively, by
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. . ] moving along the orbit with the
where W(@) is the wave function and £ is the energy. Answer

radius »
the problems (a) through (d).
(a) Show that the energy £ is given by E = A?m,2/2mr? if the wave function is w(g) = Net™?f.

my and N denote a dimensionless parameter and a normalization factor, respectively.

(b) The wave function W(8) is a single-valued function and satisfies a certain boundary condition. Find
the boundary condition. -Also show that the values of m; are m; = 0,41,+2,... by the

quantization using the boundary condition.

(c) The orbital angular momentum operator along the z axis is given by
L, = xpy — Y0y, - (eq 3)
where p, and p, denote linear momenta along the x and y axes, respectively. The
transformation of the differential operator from the Cartesian coordinates (x,y) to the polar

coordinates (r, @) is given by
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Find the differential operator expression of I, in polar coordinatés. Also find the eigenvalue when
you operate the angular momentum operator fz on W, (@), where the m; denotes the gquantum

number of the wave function.

(d) Show that H commutes with 1.



(2) The energy of the = molecular orbitals of aromatic molecules with 4M + 2 electrons (M is the positive

integer) can be qualitatively described in terms of the motion of a particle in an orbit. Answer the

problems (&) through (g).

(e) Find the energies of all the occupied orbitals and LUMO of benzene using the orbital radius of the
electron motion in benzene, 1y, and the mass of electron, m,. Draw schematic energy diagram and
the corresponding quantum numbers m; of those orbitals. Also, indicate ‘which energy level
corresponds to HOMO and L.UMO.

(f) Find the transition wavelength between HOMO and LUMO of benzene by using 1, and m..

(g) The wavelength of the optical transition from HOMO to LUMO of benzene is calculated to be 210
nm if we assume 7, = 140 pm. As shown in Fig. 2, porphyrin can be considered to be an electron
conjugated system, and the optical transition from HOMO to LUMO is known as the Soret band. If
we assume that 18 electrons contribute to the = molecular orbitals of porphyrin, and the orbital radius

7p is 7, = 350 pm, find the wavelength of the Soret band to two significant figures.

Figure 2. The molecular structure of porphyrin



